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1. (5-10 min) Solve the following initial-value problem

Y — 2wy = x3e” y(0) = —1

Solution:

We first find the integrating factor:

I(LL') _ ef—2a:dw ="
d : .
7(6712y) — :Z?‘SBIQ . 6712

—
dx
= e_‘”Qy:/x?’dx

—z? ]'4
= e yzzx +c1

1
= y= Zac‘iezz + 616362

Plugging in our initial value, we have that
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2. (5-10 min) Using the method of undetermined coefficients, solve the following differential equation:

Y’ — 16y = 2¢**

Solution:

We first find the complementary by setting up the auxilirary equation:

r2—16=0
== r=4,-4

which gives us the complementary solution:

Yo = c1649: + 6267493

Using the method of undetermined coefficients, we guess that the particular solution has the form
Ae*®. However, this has appeared in the complementary solution, so we adjust our guess to Aze*?.
We then have that

y = Azel®
y = 4Axe™™ + Aet”
Y = 16Axe*® + 8Ae*®
= 16Aze’® + 84el” — 16Aze’® = 2¢1*

= 8Ae'® = 2¢%®
1

= A=-
4

1
= yp= 1176495

which gives us the final solution:

Y="Ye+ Yp
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3. (15-20 min) Use the Laplace transform to solve the given initial value problem:

y' =6y +9y=1t,y(0)=14(0)=1

Solution:

Lo — 60/ + 09} = £(1)
L")~ 6L{} +9L(9) =

(%Y (5) — 5 — 1) — 6(sY (s) — 1) + 9Y (s) = 812

(32—6$+9)Y(s)—s+5:si2
$§—29
82(82—63+9)+52—68+9
1 5—05
s2(s — 3)2 + (s—3)2

Y(s)=

el

Y(s) =

Using partial fractions, we have that

1 _A,B_C D
s2(s—3)2 s 2 s—3 (s—3)2
= 1= As(s —3)> + B(s — 3)* + Cs*(s — 3) + Ds*
2 1 2 1
— A= B=-C=-—.D=—
27’ 9’ 27’ 9

s—=5 A n B
(s—3)2 s-3 (s—3)2
= s—-5=A(s—3)+B

Putting them together, we have that

2 1 2 1 1 2

T o7 02 27(s—3) 1 9(s-32 5-3 (s_3)
2 1 25 17

o7 "o T 27(s —3)  9(s —3)?




4. (5-10 min) Find the general solution of the given system

, 1 -8
X_L _3}X

Solution:

We first determine the eigenvalues:

1-x -8
det([ : _3_)\}):(1—)\)(—3—)\)—#8
=X 422 45=0

o 2EE Ly

Using —1 + 2:¢ as our eigenvalue, we obtain our eigenvector:

) )

= v =242, v9=1

so we have the eigenvector {2 J; 21] = E] +1 [(ﬂ

Hence, we get that

2

—_

X, = et[[ } cos(2t) — [(ﬂ sin(20)]

X, = et[m cos(2t) + H sin(20)]

[\

which gives us the general solution:

X = cle—t[m cos(2t) — m sin(20)] + cZe—t[m cos(2) + m sin(20)]



5. (15-20 min) Using variation of parameters, solve the given system
;o 2 et
x= |0 x|

Solution:

We first determine the eigenvalues:

- 2
det( {_1 3_ )\}) =(-NB-XN+2
=X -3)4+2=0
== A=1,2
We then obtain the eigenvectors:
A=1
-1 2] |0
-1 2”7 o
— 2
T h
A=2

Which gives us the complementary solution:

2 1
Xc = clet |:1:| + CQ@Qt |:1:|

We then have the fundamental matrix:

2€t 2t
q)(t) = |:et 24
1 [e2t _e2t et
—1ip _ _
= &7 (1) = o3t |:_et 2¢t | T | _e—2t

Using variation of parameters, we have that:



3e?

_[2et e { 2t }

[4tet + 3et
2te’ + 3e!

which gives us the final solution:

2 1 4tet + 3et
t 2t
X =ce M ©2¢ M [Qtet + 3et



6. (20-25 min) Given the following system:

-3 6
b) Using your answer for part a, find the particular solution for the system above using matrix expo-
nentiation.

a) Find e4* where A = { 2 1}

Solution:

We first determine the eigenvalues:

det([z_g/\ 614) — (2= N6\ +3

=X —-8\+15=0

== A=3,5
We then obtain the eigenvectors:
A=3:
-1 1] o
-3 3“7 |0
—— = 1
Tl
A=5
-3 1 |0
-3 11 o
— 1
YT s
This gives us that:
11
P=lh )
3 0
v=[3 3
1| 3/2 —1/2
P —[_1/2 1/2

Using the fact that eA? = PeP*P~! we have that

e I Yy

et et 32 —1/2
= g3t 3e5t -1/2  1/2
B §e3t _ éem L3t 1.5¢
— §e3t . §e5t _Qegt + §6575



§e5t _%6315_‘_;651&
3 5t _ 1.3t 35t
2¢ 7€ +3e7 ]
éeSt _%6315_’_ éem
3 5t T3t 3 5t
se €7 + 5€e
§e5t _%eBt_‘_éeSt
3 5t _ 1.3t 35t
5€ €7 + 5e
§65t+362t
§€5t+262t
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7. (5-10 min) For the following system:
' =1-2xy
Yy =2xy—y
Identify the critical point(s) and classify them as unstable or stable.

Solution:

Setting both 2’ = 0 and y’ = 0, we have that:
1—-2zy=0
20y —y =0
y2x—1)=0
= y= (impossible from first equation)

1
—— = -, =1

We then calculate the jacobian to be:

-2y -2z
J_[2y 23:1]

= =3 3]

which has determinant 2 and trace -2. This implies that all the eigenvalues have negative real parts,
so it is stable.



8. (10-15 min) Find the fourier series of f:

1, -1<x<0
f(x)_{o, 0<z<l1
Solution:
p
a f(z)
p

.
p
1

=/ f() da
-1

=1

ap, = /f x)cos( )x
/f Jeos(nmx) dx

:/ cos(nmz) dx
-1

. 0
—sin(nm)|”,

=0

b :1 f( )sm(n;x)d;ﬂ

/f sin(nmx) dx

/ sin(nmrz) dx
—1

= —Ecos(nm&ﬂ 1

1 1
= —— + —cos(—nm)

nw o nw
= (14 (1Y)

nrx
i ancos ) + bpsin
S )

o
—1
Z all sm(nm:)

n=1

l\3\>—~
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9. (5-10 min) Expand the given function in an appropriate cosine or sine series:

fl)=z, —nm<z<mw

Solution:

Notice that x is an odd function, so we shall write it as a sine series:

2 (P nm
bn:f/ x)sin(—ux) dx
o) f(@) (p )

2 (7 .
7/ x sin(nz) dx
0

s

3w

1 1 /™
[—596 cos(nz) + - /0 cos(nx) dx]

1 1
[fﬁ:r cos(nx) + ﬁsm(nx)] K
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10. (10-15 min) Use separation of variables to find a solution to:

Ju_
or yay
Solution:
Let u(z,y) = X(2)Y (y). We then have that
ou ,
o XY ()
Ou
— = X(2)Y’
= X@Y'()

so we can rewrite the above expression as

X' (2)Y (y) = yX ()Y (y)
x X' (x) _ yY'(y)
X(z) Y(y)

==

which gives us the 2 ode’s:

=)

X' (x) = =2X(z)

o
4

A

SN \x
dx
1 A
—dX = | ——d
/X / v
In|X| = —=Xnlz|+ ¢
X = 0267)\ln\m\

X(z) = cpz™?

bbb

By symmetry, Y (y) = c3y~*. Hence, we have that

u(e,y) = X(2)Y (y) = Clay) ™
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11. (20-25 min) Given the wave equation:
u(0,t) =

0
u(l,t) =0
u(z,0) = f(z),0<z <1

0
ai;|t=0=2'f($)

2, 0<x<05

by using an appropriate extension
0, 05<z<1 S8 aNAaPPIop

a) Determine the fourier series of f(z) = {

b) Using the product form u(z,t) = > 7, sin(nmz)(A,cos(nnt) + B, sin(nwt)), determine A, and
B,, to obtain the final solution.

Solution:

a) Setting ¢t to 0, the only thing remaining are sine terms. Hence, we shall extend f(x) as an odd
function, so it’s defined from the interval [—1,1]:

2 [P .nT
bn_i;/o f(:v)sm(?x)dx
1
= in(nrz)d
2/0 f(z)sin(nrx) dx
0.5

:4/. sin(nmzx) dx
0

4 0.5
=— Ecos(nmg) 0

= Z i(1 - cos(%))sin(mm)

nmw
b) Setting ¢t = 0, we have that
u(z,0) = f(x)
> =4 nmw
Aysi =3 2 (1 = cos("T))si
= Z nSin(nme) Zmr( cos( 5 ))sin(nmrx)

n=1 n=1

4 nmw
— A, =—(1- —
(1 - cos(20))
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Taking the partial with respect to t, we have that

oo

% = Z nwsin(nnx)(—Apsin(nwt) + Bpcos(nnt))
n=1

ou > .
= E‘tzo = 7; Bpnrsin(nmz) =2 - f(x)

> =~ 8 nmw
— Y Bunrsi =3 21— cos(")si
2 nwsin(nmwx) 2 mr( cos( 5 ))sin(nmrx)
nmw
= B, = 53 (1- 005(7))

Putting them together, we have that

u(z,t) = Z sm(nwm)[%(l - cos(%))cos(nmﬁ) + %(1 - cos(%))sin(nﬂt)]
n=1
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12.

(15-20 min) Determine the solution to the heat equation given that L = 2 and

f(m):{x’ O<ax<l1

0, I1<ax<?2

You may directly use the formula in the cheat sheet.

Solution:

L
A, = %/0 f(a:)sm(%x) dz

2
= / f(ac)sm(@x) dx
0 2
! nm
= / x sin(—x) dx
0
2 1
= —Excos(%x) + a/o cos(%x) dx
2
= ——mcos(n—ﬂx) + 53 sm(%gc)\(l)
2 nmw 4 | n7
= —ECOS(T) + 3 sm(T)
where we have that: 5
n%4=0: A, = ——
nmw
4
n%d=1: A, = 53
2
nd=2: A4, = —
nmw
4
So our final answer is
(oo}
2 nmw 4 . nw. . nmw —kn?m?
u(z,t) = ;(—ECOS(T) + Wsm(T))sm(7x)exp(Tt)

(If you simply write A,, as a piecewise and just write out the original explicit solution, that is fine as

well).
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